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Abstract 

The nature of K-symmmetry transformations is examined for p-branes 
embedded in a class of coset superspaces G/H, where G is an appropriate 
supergroup and H is the Lorentz subgroup. It is shown that one of the 
conditions 8Z Em 0, = which characterizes K-symmetry transformations 
arises very naturally if they are implemented in terms of a right action of 
a subgroup of the supergroup G on the supergroup elements which repre- 
sent the coset. Unlike the global left action of G on G/H (which gives rise 
to supersymmetry on the coset superspace), there is no canonically defined 
right action of G on G/H. However, an interpretation of this right action 
involving an enlargement of the isotropy group from the Lorentz subgroup 
to a subgroup of G with generators which include some of the fermionic gen- 
erators of G is suggested. Closure of the generators of this larger subgroup 
under commutation leads to the usual "brane scan" for p-branes which have 
bosonic degrees of freedom which are worldvolume scalars. 
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1 Introduction 



Kappa symmetry is a local fermionic symmetry of covariant Green- Schwarz 
actions [0 for p-branes. It is a generalization of local fermionic symme- 
tries discovered for massive and massless || superparticle actions. The 
presence of the K-symmetry in the Green-Schwarz action for a p-brane en- 
sures that only half of the supersymmetry generators are realized nonlinearly, 
as required for low energy effective actions describing the long wavelength 
excitations of BPS solitons The standard procedure for forming k- 

symmetric Green-Schwarz actions in flat superspace is the "nonlinear sigma 
model approach" || [jj] . The kinetic term is a natural generalization of the 
Nambu action, to which is added a Wess-Zumino term formed by integrat- 
ing a closed form in superspace over an embedded manifold whose boundary 
is the worldvolume of the p-brane|. Global supersymmetry of the action is 
ensured by constructing both pieces of the action in terms of the vielbein on 
flat superspace. The ^-symmetry is then a field dependent local fermionic 
transformation for which the variations of the the kinetic term and the Wess- 
Zumino term can be made to cancel by appropriate choice of the normaliza- 
tion of the Wess-Zumino term. This procedure has recently been extended 
to the case of superspace backgrounds which are more general cosets than 
flat superspace ||. 

Progress has been made in achieving a geometric understanding of kappa 
symmetry using the formalism of super-embeddings || , based on doubly su- 
persymmetric approaches to superstrings which incorporate both manifest 
worldvolume and spacetime supersymmetries JTO] (for a recent review of su- 
perembeddings including a comprehensive list of references, see [fLl|). The 
worldvolume of the p-brane is extended to a supermanifold which is embed- 
ded into the target superspace in such a way that the odd subspace of the 
worldvolume tangent space is a subset of the odd subspace of tangent space to 
the target superspace. In such a formulation, the fermionic kappa symmetry 
can be related to the worldvolume supersymmetry. 

It has been noted in the past that in flat superspace, the ^-symmetry 
transformation of the bosonic superspace coordinate is like a "wrong-signed" 
supersymmetry transformation |T2| . In terms of the construction of flat 
superspace as the left coset G/H of the super-Poincare group G with the 

2 Only p-branes which have bosonic degrees of freedom which are worldvolume scalars 
will be considered in this paper. 
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Lorentz subgroup as the isotropy group H ||13||, and in which supersymmetry 



transformations of the superspace coordinates are achieved by the canoni- 
cally defined left action of the superalgebra on the coset superspace, this 
is an indication that ^-symmetry transformations should be related to the 
right action of the superalgebra on the same coset. In the Hamiltonian for- 
mulation for p-branes embedded in flat superspace, de Azcarraga, Izquierdo 
and Townsend |14] showed that the fermionic constraints (some of which are 
first class, corresponding to the existence of local K-symmetry) are analo- 
gous to supercovariant derivatives in superspace, which generate right super- 
translations. Since left and right supertranslations commute, this provides 
a means to implement fermionic constraints which are consistent with the 
global supersymmetry generated by left supertranslations. More recently 
Bars, Deliduman and Minic |y| have implemented ^-symmetry transforma- 
tions for a number of non-flat coset superspaces in terms of a local right 
action. 

The aim of this paper is to point out that for a general class of coset 
superspaces, K-symmetry transformations do indeed have a natural interpre- 
tation in terms of a local right action, as opposed to the global left action 
which gives rise to the supersymmetry. In particular, after a review of the 
relevant properties of coset spaces in §2 and a discussion of relevant coset 
superspaces in the first part of §3, it will be shown that the criterion 

5Z M E M a = 

which characterizes K-symmetry transformations in curved superspace (TBI, 



IT is very naturally implemented for coset superspaces G/H in terms of a 
local right action of a part of the supergroup G. Although only the left ac- 
tion of the supergroup G on the coset superspace G/H is canonically defined 
(this is the usual nonlinear realization of G on G/H, which is independent of 
a particular parameterization of the coset), it is argued that the local right 
action associated with the /t-symmetry transformations is also well-defined, 
and should be interpreted as giving rise to an enlargement of the isotropy 
group H from the Lorentz subgroup to a larger subgroup H which includes 
fermionic generators. This is consistent with the role of /t-symmetry in co- 
variant Green-Schwarz actions, which is to ensure that although there appear 
to be Goldstone fermions associated with all the supersymmetry generators, 
in fact only half of them are physical, meaning that only half of the super- 
symmetry is realized nonlinearly, with the rest of the supersymmetry being 
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realized linearly on the physical degrees of freedom. In §4, this interpre- 
tation is expanded to include the worldvolume diffeomorphisms, which also 
eliminate some of the apparent Goldstone degrees of freedom in covariant 
Green-Schwarz actions. It is argued in §5 that consistency of this picture re- 
quires that the generators of the right actions associated with the K-symmetry 
transformations and the worldvolume diffeomorphisms must form a closed 
superalgebra, from which emerge the usual restrictions on relationship be- 
tween the dimension of the worldvolume of a p-brane and the dimension of 
the spacetime into which it is embedded (the "brane-scan" fill ). 

2 Some Preliminaries 

We begin by reviewing relevant details of coset spaces^ and nonlinear realiza- 
tions. Consider a Lie algebra G with generators T4 satisfying the (possibly 
graded) commutation relations 

[T A ,T B ]=ifAB C Te. 

Let Tj denote the generators of a subalgebra H of G (the "unbroken" gener- 
ators), and T4 denote the remaining generators of G (the "broken" genera- 
tors), and assume that the Ta provide a representation of H under commuta- 
tionQ. A "slice" through G locally isomorphic to G/H can be parameterized 
in the form 

g{Z) = ex P (iZ M 5 M A T A ), (1) 

with the Z furnishing local coordinates on G/H. There is a canonical global 
left action of G on G/H under which the point with coordinates Z is mapped 
by fixed g G G into the point with coordinates Z' determined by 

g.g(Z) = g(Z').h(Z,g). (2) 

Here, h(Z, g) is the compensating if-transformation required to bring g.g(Z) 
back onto the slice (|ip isomorphic to G/H. The realization of the group G 
on the coordinates Z is nonlinear. 

3 The cosets considered in this paper are always left cosets. 

4 The index conventions to be used are as follows: indices I,J,K,... are used for the 
generators of H; indices A, B,C, . . . are used for generators of G not in H; and M, N, . . . 
are used for coordinates on G/H. 
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The Cartan one-form g(Z) 1 dg(Z) defined on G/H takes values in the 
complexification of the Lie algebra of G and can be decomposed as 

g(Z)- l dg(Z) = i dZ M E M A {Z) T A + i dZ M Vt M \Z) Tj. (3) 

These forms are invariant the global left action of G on Gj H since d(g.g(Z)) = 
g.dg(Z) if g is constant. Under the local right action g(Z) — > g(Z).h(Z) with 
h(Z) = e ieI ^ T i e H, the forms E A (Z) = dZ M E M A (Z) transform as a viel- 
bein on the tangent bundle to G/H, while Vl\Z) = dZ M VLm 1 {Z) transforms 
as a connection on this bundle (see, for example, [l]J). The Maurer Cartan 
equations = d(g(Z)~ 1 dg(Z)) + g(Z)~ 1 dg(Z) A g(Z)~ 1 dg(Z) can be written 
in the form 

- l -E c {Z)NE B {Z)f BC A = dE A (Z) + Q T (Z)AE B (Z)f Bl A 

-±E c (z)AE B (z)f BC T = dn T (z) + ±n R (z)An J (z)fj R T , (4) 

so that the left-hand sides of these expressions are respectively the torsion 
and curvature of the coset space. 

Replacing d by 5 in an infinitesimal variation 5Z M of the coordinate 
Z M on G/ H will induce a variation Sg(Z) of the representative group element 
g(Z) which satisfies 

g{Z)-Hg{Z) = 1 6Z M E M A (Z) T A + 1 6Z M Q M T (Z) Tj. (5) 

Consider now the right action of the group G on the representatives^ g{Z) 
of the points in the coset G/H. In particular, consider 

g(Z)^g(Z).e^ A ^ TA+wI ^ T '\ 

Since the new group element will lie on the if-orbit of some point on the 
slice, one has 

g ( Z y e i(v^z)T A+w i(z)T T ) = g (z>y h ( V:W)Z ) (6) 
for some h(v , w, Z) 6 H. In infinitesimal form one obtains 

g(Z') =g{Z).(l + iv A (Z )T A + iw\Z)T T )) . (l - i<f> T (v, w, Z)Tj) , 

5 Note that there is no canonical right action of the group G on the (left) coset space 
G/H, unlike the case of the left action of the group. The right action considered here is 
in general dependent on the choice of the slice g(Z). 
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where 7 (t>, w, Z) is linear in v A [Z) and w\Z). This yields 

g(Z)- 1 Sg(Z) = iv A (Z)T A + i(w I (Z)- ( f> I (v,w,Z)) Tj. (7) 
Comparing (H) and (^), 

=6Z M E M A (Z) (8) 
which allows <5Z M to be computed given v A (Z). The remaining relation 

5Z M n M T (Z) = w\Z) - ^(v, w, Z) (9) 
determines the compensating Lorentz transformation . 

3 Coset Superspaces 

The analysis of ^-symmetric Green-Schwarz actions for p-branes in an generic 



ten or eleven dimensional superspace backgrounds [17, 21] is complicated by 



the fact that there is no general prescription for the construction of the su- 



perfields which correspond to a given bosonic background |20| . However, the 
fact that flat superspaces can be considered as cosets of the super-Poincare 
group with the Lorentz subgroup as the stability group ]22| allows a geomet- 
ric formulation of the Green-Schwarz action in terms of a nonlinear sigma 
model on the coset space |j, |], [23J. Recently, this construction has been 
extended to the case of superspaces whose bosonic parts correspond to the 
near horizon geometries of various p-brane solitons, which are of the form 
AdS p+ 2 x S d ~ p ~ 2 . The corresponding superspaces can be realized as coset 
spaces G/H for some choice of supergroup G and bosonic stability group H, 
particular cases of interest being 

AdS 5 x S 5 S SU{2, 2|4)/ {S0{1, 4) x SO(5)) 

AdS 4 x S 7 0^p(8|4)/ (50(1, 3) x S0{7)) 

AdS 7 xS 4 ^ OSp{Q, 2|4)/ {S0{1, 6) x S0{4)) . (10) 

These correspond respectively to the D3 brane in d = 10 IIB supergravity 
||, the M2 brane in d = 11 supergravity, and the M5 brane in d = 11 



supergravity |24], |25j . 



The coset superspaces G/H above are based on supergroups G with gen- 
erators which will be denoted P a , Q a and J ab . The J a b are generators of a 
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Lorentz subgroup H, under which the even generators P a transform as a 
vector and the odd generators Q a transform as spinors: 



[J ab ,P c ] = l -(vacS b d -VbcS a d ) P d 

[J ab ,Q a ] = l -[r a ,r b FeQ p . (n) 

The remaining (anti) commutation relations for the Lie algebra of the su- 
pergroup G will not be specified, except to require that the algebra has a 
contraction to the usual (possibly extended) supersymmetry algebra, as a 
result of which the anticommutator of odd generators takes the form 

{Qa, Q P } = -2(cr a ) a p p a + if a f b j ab . (12) 

This structure encompasses the super- Poincare group appropriate to the con- 
struction of flat superspaces, as well as the more general supergroups in the 
coset superspaces fllPp. The coset superspaces can be parameterized in the 
form 

g(Z) = e Kx m 5 m a P a +0Q) = e iz M s M A T A ^ 

where Z M = (x m ,8 a ), and Ta = {P a ,Qa) are the "broken" generators (and 
Tj = (J a b) are the "unbroken" generators). 

Evidence is now provided for the identification of the ^-symmetries of the 
Green-Schwarz actions in these coset superspaces G/H with a right action^ 
of the the supergroup G. The canonically defined global action of an element 
g G G on the coset superspace is determined the left action g.g(Z), as in (0). 
A Green-Schwarz action is automatically invariant under this group action 
since it is constructed from the Cartan forms g(Z)~ l dg(Z). Consider instead 
the local transformation 

g{Z) - g(Z') = g{Z) e^ TA e -*"W«*, 

with v a Ta = v a P a + v a Q a . As noted earlier, the right action of the group 
on representative of cosets does not descend to a canonically defined trans- 
formation on G/H : the transformation Z — > Z'(Z) determined by (|6]) is 

6 The term "action" appears twice in this sentence, once in the context of the integral of 
a Lagrangian, and once in the context of transformations on a group manifold generated 
by the group structure; in future use of this term, it should be clear from the context 
which of these is applicable. 
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dependent on the choice of slice g(Z). In infinitesimal form, the relationship 
between v A (Z) and 5Z = Z' — Z is given by (§), 

v A (Z) = SZ M E M A (Z), 

where Em A {Z) is the vielbein on the coset superspace. Thus, setting v a (Z) = 
corresponds to the condition 

= 8Z M E M a {Z). 

This is one of the criteria which characterize a K-transformation on the 
worldvolume of a p-brane embedded in a curved superspace [Tj| [L7|]. It de- 
termines the transformation 5x m of the even superspace coordinates of the 
embedded worldvolume in terms of 58 a , the variation of the odd coordinates. 

So the condition that SZ M EM a {Z) vanishes is naturally implemented in 
terms of a local right action depending only on the fermionic generators of 
the supergroup^ As there is no canonically defined right action of G on G/H, 
the implementation of a ^-transformation in the above fashion would seem 
to depend on the parameterization of the coset superspace. However, this is 
not true provided the right action is a local symmetry ; it is then a reflection 
of the presence of unphysical degrees of freedom which can be eliminated by 
a choice of gauge for the local symmetry. 

The latter principle is well known in the standard construction of a sigma 
model (not necessarily supersymmetric) with a target space which is a coset 
space. Generically [2(J, one starts with an action of the form 



S = j dx(g- l d m g) A (g- 1 d m g) B 5 AB 



where g(x) = exp 1 ^ ( x ) t a+Z i ( x ) t i) g G, with Tj the generators of H, and where 
Sab is a ./^-invariant metric. The sigma model possess a local symmetry 
under the right action of H since (g~ 1 d m g) A transforms linearly under such 
transformations (assuming the generators provide a representation of H 
under commutation with the Tj). This gauge symmetry can be fixed by 
setting £ 7 to zero, giving a parameterization of G/H in a physical gauge in 

7 Of course, there are additional criteria which a K-symmetry transformation must fulfill, 
as will be discussed shortly. In particular, only a subset of the supersymmetry generators 
is involved in a K-symmetry transformation, and this subset depends on the point on the 
embedded worldvolume. 
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terms of the slice <?(£) = e 1 ^ Ta . Since it is constructed from the Cartan form 
g~ 1 dg, the action S also has a global symmetry under the left action of G. In 
particular, this global left action gives a linear realization of the subgroup H 
on the physical degrees of freedom £ A , while the rest of the generators of G 
are realized nonlinearly. Even in the physical gauge, there is still a symmetry 
under the local right action of H. 

In the case of p-brane actions in coset superspaces G/H, a local symmetry 
under the right action of a Lorentz subgroup H has been fixed in choosing a 
"slice" g(Z) which is parameterized in the form g(Z) = e l ( xmSmaPa+e ®\ If the 
Wess-Zumino term is appropriately normalized, then the action possesses a 
/t-symmetry, which, as argued above, takes the form of a local right action 
generated by a subset of the supersymmetry generators. Although this right 
action is not well-defined on G/H, it suggests that the theory really describes 
degrees of freedom on a smaller coset space G/H, where H D H includes an 
appropriate subset of the fermionic generators. In this case the right action 
is well-defined, independent of the parameterization of G/H with which the 
construction starts. Further, under the left action of G, the fermionic gener- 
ators in H will be realized linearly on the physical degrees of freedom, while 
the remaining fermionic generators will still be nonlinearly realized. This is 
precisely the requirement for the effective action describing the low energy 
excitations of a BPS state which preserves only half the supersymmetry. It 
is this interpretation of ^-symmetry which we wish to pursue. It should be 
pointed out that the situation is actually more subtle, because the subgroup 
H varies from point to point of the embedded worldvolume. 

To illustrate the above, we review p-branes in flat superspace, which is 
a coset superspace G/H with G a super-Poincare group and H its Lorentz 
subgroup. The coset is parameterized in the form g(Z) = e ^ xaPa+eQ \ and 
the Cartan form 

g{Z)- 1 dg{Z) = iTl a P a + id6Q 

= i(dx a -i{0T a d6)) P a + idOQ (13) 

provides a vielbein on flat superspace which is invariant under global super- 
symmetry transformations 

5x a = i(eT a 6), 56 = 6. 

In infinitesimal form, the local right action g{Z) — > g(Z)e ltQ induces the 
transformations 

Sx a = -i(eT a 9), 59 = e (14) 
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(a compensating Lorentz transformation is not required in flat superspace). 
The vielbein transforms as 



5U a = -2i{eT a dd), 5d6 = de. 

The Lorentz invariant metric 7]^ on the bosonic part of flat superspace can 
be pulled back to the (p+ l)-dimensional worldvolume of the p-brane to yield 
a worldvolume metric 



dZ M dZ N 

Gij = — — n M a n w V = Ui^vob, 



where a 1 are coordinates on the worldvolume. The kinetic term So in the p- 
brane action is a generalization of the massive spinning particle action, being 
proportional to the volume of the woldvolume with respect to the induced 
metric: 

S = J d^ p+1) a VfetG. 
Since IP can be written in the form 

iIl a P a = g(x,9)- 1 Dg(x,0), 

where Dg = dg — ig (d6Q) is a covariant derivative of g, U a transforms 
linearly under the local right action g(Z) — > g(Z) e te ®. However, is not 
invariant under this transformation because t] a b is an invariant metric only 
for the Lorentz subgroup of the super-Poincare group, with the result that 
the variation of the kinetic term in the p-brane action is 

5 J d {p+1) a VdetG = -2i J d ip+1) a VdetG (eT%9). (15) 

Here, the r, are worldvolume gamma matrices obtained by pulling back the 
spacetime gamma matrices, 

dZ M 

In the usual manner for the construction of sigma models with degrees of 
freedom on a coset space p6 |, if Ui a and Uj b could be contracted with an 



invariant metric for the full super-Poincare group, then an action could be 
constructed with a local fermionic symmetry. It would describe degrees of 
freedom living in the space of left cosets of flat superspace under the local 
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fermionic transformation g(Z) — > g(Z)e ie ®. However, an appropriate invari- 
ant metric does not exist. 

As is now well known, it is possible to obtain partial invariance with 
respect to the local right action. The matrixF] 

.rp±ii 

F _ ,*o*i---*pF F F 

(p + 1)! 10 j1 ' !f 

has the property T 2 = 1, and commutes with the worldvolume gamma ma- 
trices Ti when p is even and anticommutes with them when p is odd. The 
generators J^- = — Ifr^Tj] therefore yield a reducible representation of the 
worldvolume Lorentz group, and the projection operators P± = |(1 ± T) 
provide a decomposition of this reducible representation into two parts. If it 
is possible to find a contribution Swz to the action such that under the local 
transformations 

S(S + S wz ) = -ii J S p+1) a VfetG (eP_ r%e), 

then Sq + Swz will be invariant under transformations g(Z) — > g(Z) e leQ with 
e = RP + . These are the K-symmetry transformations, which allow half of the 
fermionic degrees of freedom to be gauged away. 

A contribution Swz to the p-brane action with the required transfor- 
mation property under the local right action and which is invariant under 
global supersymmetry (or a global left action) exists only for flat superspaces 
in which the (p+2)-form 

h = - IT 11 A IT 12 A • • • A rr» (dd T ai T a2 ■ ■ ■ T ap d6) 
pi 

is closed; this leads to the "brane-scan" restricting the relationship between 
the dimension of the worldvolume and the dimension of the spacetime in 
which it is embedded [|l8j. The closure of this form is equivalent to the 
integrability of 

SSwz = 2i J d ip+1) aVfetG{Rrrdi6), (16) 



8 We use the convention da l ° A da 11 A • • • da 1 ? — d^ p+1 ^a %/detG e 1011 '" 1 " . Also, a rotation 
to a Euclidean metric has been made for convenience. 
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in the sense that only in these cases is there a local quantity Swz whose 
variation yields the right hand side of ([16]). This is similar to the Wess- 
Zumino consistency condition for anomalies p?f . 
In this case, the p-brane action is 

S + S WZ = J S p+1) a VdrtG + J 0*6, 

4> denotes the embedding of the worldvolume into superspace, and b is a 
(p+l)-form defined by db = h. To see how this expression for the Wess- 
Zumino term arises, note that SSwz can be written in the form 

SS WZ = Hi f da" A • • • A da 1 ^ (kT^ ■ ■ ■ T ip d lp+1 6) 

p. J 

= ^ ] Hl J(P*U a -A---AU^A(RT ai ---T ap d9). 

If we consider a path g(t) = e l ( xap <*+ t9 Q) [ n the fermionic directions on the 
coset superspace, then this is equivalent to 

j t Swz(t) = i [E ^ ] Hi J 0* n ai (t) a • ■ ■ a n°»(t) a (p(t)r 01 • ■ ■ v ap tde) (17) 

where 

g^dgit) = iU a (t)P a + itdOQ = i (dx a - it 2 (9T a d6)) P a + itdOQ 

and| gf(t) -1 4^(t) = i{p{t)Q). The reason that a derivative with respect to 
t can be considered as an infinitesimal right action with parameter v(t) a 
is that 4fg(t) can be written in the form g(t).(g(t)~ 1 -^g(t)), mimicing an 
infinitesimal local right action. Equation ( |TTD can be integrated^ to yield 

Swz = ^ ] ^ [ dt J <P* IT 1 (t) A ... A IT* (t) A (u(t)T ai ■■■F ap t dO) . 

9 Note that there is no P a term in g{t)~ x -^g{t) for the particular choice of path g(t) 
given because dt(6T a Q) = 0; for a more general path 9(t), there would be such terms, in 
which case it would also be necesary to include an integration of the variation of Swz 
under the bosonic part of the infinitesimal right action. 

10 The approach of integrating the variation of the Wess-Zumino term was used by 
Aganagic et al to construct D-p-brane Wess-Zumino terms in [ p8| . 
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The t integral on right hand side of this expression is the standard cohomo- 
logical construction of a form b with the property db = h in the case where 
h = i IT 11 A IT 12 A ■ • • A IF* (S T ai T a2 ■ ■ ■ T ap d6) is closed. 

Note that although flat superspace can be constructed as a coset space 
of the super- Poincare group by the Lorentz group, it is in fact itself a group, 
the super-translation group (as emphasized in [0]). So the left and right 
actions of the super-translation group on flat superspace are well-defined. 
This is reflected in the fact that no compensating Lorentz transformation 
is required in the definition of the right action of the super-Poincare group 
on g(Z) = e l<yX " ' Pa + 0< 2) . The entire discussion of p-branes in flat superspace 
above can therefore be carried out without reference to cosets. Nevertheless, 
it is useful to consider flat superspace as a coset space, because it makes 
obvious the origin of the local Lorentz invariance of the p-brane action, and 
also because it points to the generalizations required for coset superspaces 
G/H which are not groups and for which there is no naturally defined right 
action of G. 

4 Incorporating Worldvolume Diffeomorphisms 

Returning to the case of p-brane actions in general coset superspace back- 
grounds, they are by construction also invariant under worldvolume diffeo- 
morphisms. This ensures that there are only physical Goldstone modes cor- 
responding to the generators P a of superspace translations which are broken 
by the embedding of the p-brane into superspace. The unphysical bosonic 
Goldstone degrees of freedom in the covariant Green-Schwarz action can be 
eliminated by a choice of gauge for the worldvolume diffeomorphisms. Since 
symmetry with respect to the worldvolume diffeomorphisms performs the 
same role as the K-symmetry transformations, namely the elimination of un- 
physical Goldstone degrees of freedom, then if the above interpretation of 
the K-symmetry transformations as enlarging the isotropy group in the con- 
struction of the coset superspace is correct, the worldvolume diffeomorphisms 
should also have an interpretation in terms of the local right action of a sub- 
group of the supergroup G on the coset superspace G/H. This is indeed the 
case, as we now demonstrate. 

If Z M (a) denotes the embedding of the (p + l)-dimensional worldvol- 
ume (with coordinates a 1 ) of a p-brane into the coset superspace, then since 
the spacetime coordinates are worldvolume scalars, they transform under 
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an infinitesimal worldvolume diffeomorphism generated by the worldvolume 



vector field v l (a) as 



. „ Mf , if , dZ M (a) 
S v Z M (a) =v\a) 



Using (H) and @, such a transformation of the spacetime coordinates is 
induced by a right action of the form 

g{Z{a)) -> g{Z\a)) = g(Z(a)) e ^)T A +i^{a)j ab e -W A W)J a » 

with 



and 



v A {a) = v\a)^p-E M A {Z{a)) 



w -\a) = v \a)^P-n M a \Z{a)) - <j) ab {v,a). 



It is possible to choose w ab (a) so that the compensating transformation van- 
ishes, namely w ab (a) = v l (a) 9z d J a ^ VtM ab {Z{(j)). In this case the diffeomor- 
phism is generated in the form 

g(Z'(a)) = g{Z{a)) e »>)(^ A (-)^ wV)^ ( 18 ) 

where E A = 2g£ E M A and tti ab = 2gt tt M ab are the pullbacks of the vielbein 
and connection to the worldvolume. This is very similar to the implemen- 
tation of diffeomorphisms in superspaces in terms of so-called supergauge 
transformations p9| . 

To check this, computing g{Z')~ 1 ^g{Z') with v l (a) infinitesimal yields 
(upon use of the expressions (f|) for the torsion and curvature of a coset 
superspace) the correct transformations 

5 v E A (a) = ^lE^^+v^a^djE^a)) 
WV) = -^n 3 ab {a)+v\a){d ] n i ab {a)) (19) 
for the pullbacks of the vielbein and connection. 
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5 The Algebra of ft- Transformations and Dif- 
feomorphisms 

Both the K-symmetry transformations and the diffeomorphisms are local 
symmetries which remove unphysical Goldstone degrees of freedom from the 
covariant Green-Schwarz action for a p-brane propagating in a coset super- 
space G/H, leaving physical Goldstone modes only for those generators of 
the supergroup G which are broken by the embedding of the p-brane in su- 
perspace. In the left action of G on G/H, the broken generators are realized 
nonlinearly on the physical degrees of freedom, while the unbroken genera- 
tors are realized linearly. As already mentioned, this is naturally achieved if 
the ^-symmetry transformations and the diffeomorphisms arise from a local 
right action of special linear combinations of the generators of the super- 
group G on the coset superspace representatives g(Z(a)); however, for this 
picture to be consistent, these linear combinations of generators must close 
under commutation and so generate a subgroup of the supergroup. This will 
then have the effect of enlarging the isotropy group of the coset superspace 
to a subgroup H which contains these linear combinations of generators in 
addition to the Lorentz generators. The subgroup H varies from point to 
point on the embedded worldvolume. 

It has already been demonstrated in a general context that both the k- 
symmetry transformations and the diffeomorphisms can indeed be realized in 
terms of a local right action. It thus remains to show that the corresponding 
generators form a subalgebra of the full superalgebra G. In other words, it is 
necessary to show that the generators of ^-symmetry transformations, world- 
volume diffeomorphisms and Lorentz transformations form a closed algebra 
under commutation if the above interpretation of these transformations as 
local right actions is to be consistent. 

Before calculating the appropriate commutators, the form of /t-symmetry 
transformations in a general coset superspace must be specified. As in flat 
superspace, they involve the pullback to the worldvolume of various struc- 
tures on the coset superspace. These include the worldvolume metric, which 
is the pullback of the Lorentz invariant metric r) a i, : 

Gij(a) = E t a (Z(a)) E 3 \Z{a))^ ah , 
where E,i A = ^^-E M A . Similarly, worldvolume gamma matrices are obtained 
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by pulling back those denned in spacetime relative to the metric r] ab 



Fi(a) = E t a (Z(a))T a 
satisfies {Ti(a),Tj(a)} = 2Gij(a). The matrix 

.f£±ll 

(p + 1)! 10 " 

has the same properties as in the case of flat superspace, and the projection 
operators P± = |(l±r) provide a decomposition of the spinor representation 
of the worldvolume Lorentz group provided by the worldvolume gamma ma- 
trices into two parts. A related projection operator is the symmetric tensor 
K ab (a) = E i a (a)G ij (a)E j b (a), satisfying K a b K b c = K a c . It has the property 

E b (a)K b a (a) = E t a (a). (20) 

If <fi = E a (f) a is a bosonic one-form on the coset superspace, then K a b (a)(J)b(o-) 
is the piece of (f> a which pulls back to the worldvolume, while (1— K) a b (a)(f)b(<j) 
has a vanishing pull-back. For the spacetime gamma matrices T a , this means 
that TbKb a (a) pulls back to a linear combination of the worldvolume gamma 
matrices, T b K b a (cr) = V\a)Ei a (a), while T b (l - K) b a (a) consists of the 
gamma matrices which are "transverse" to the worldvolume gamma matrices 
(and therefore anticommutes with all of them). This will be important in 
what follows. 

The /t-symmetry transformations for a p-brane embedded in flat super- 
space are of the form 

g(Z(a))^g(Z(<T))eW+M. 

Note that the transformation refers to a particular point Z(a) on the em- 
bedded worldvolume, and that the spinor K a is an arbitrary function of a. 
In a curved coset superspace, the point g(Z(a)) e lK ^ p+ ^® no longer lies on 
the slice g(Z) = e iZ Sm Ta , and so a compensating Lorentz transformation 
is necessary if /t-symmetry transformations are to take this form. Alterna- 
tively, by the same method used in the case of diffeomorphisms, it is possible 
to implement the ^-symmetry transformation in such a manner that a com- 
pensating Lorentz transformation is not necessary, in which case the right 
action is of the form 

g (Z{a)) -> g(Z'(a)) = g{Z{a)) e^P+MQ^P+c-^E^n^^^ (21) 
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In deriving this, it is necessary to use 

X <7-Mn ab r 7M rp At? )Vn ab 

O k Zj \L m — O k Zj Him Hi a "jV , 

where E^ N is the inverse vielbein, as well as the fact that S K Z M Em 01 = 
(RP+C- 1 ) . 

In the appendix, it is shown that for infinitesimal worldvolume diffeo- 
morphisms and re-symmetry transformations, defined in terms of the right 
actions fll8D and ([H]), the following commutation relations hold: 

[5 V ,5 K ] = 8 K >, (22) 

with v\ = v^{djv\) — Vi(djV l 2 ) and re' = —v % diK. The first commutator yields 
the expected algebra for worldvolume diffeomorphisms, and the second com- 
mutator is consistent with long-established properties of the algebra of re- 
symmetry transformations |23[ . 

The commutation relations (|22|) are valid independent of the dimension 
of the spacetime formed by the coset superspace into which the p-brane is 
embedded. However, this is not true for the commutator [S Kl , 5 K2 ] of a pair of 
re-symmetry transformations. As shown in the appendix, such a commutator 
yields a linear combination of a diffeomorphism (parameterized by the world- 
volume vector field v % = — 2i(re 2 -P+r*P±re 1 )), a Lorentz transformation and 
another re-symmetry transformationQif the following conditions are satisfied: 
(i) The dimension of the spacetime into which the p-brane is em- 
bedded is such that the gamma matrix identities 

= (cr a ) a (i3 (CT a ) 7(5 ) 

for p = 1 and 

= (CT ai ) {al3 (CT a ^- a ^ s) 

for p > 1 are true (the round brackets on spinor indices denote symmetriza- 
tion). This yields the usual "brane scan" for p-branes whose bosonic degrees 



of freedom are worldsheet scalar s [IS 



n The calculation in the appendix does not give the explicit form of the Lorentz trans- 
formation and the K-symmetry transformation, although these could be extracted with a 
little more effort. Also note that conditions (i) and (ii) are only shown to be sufficient 
rather than necessary conditions for the algebra to close. 
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(ii) For p > 1, the additional condition = (P_P) a pEj 3 must also 
be satisfied. 

Condition (ii) is one of the equations of motion for a p-brane, namely that 
which follows from 

SS = J d {p+1) aVdrtG{5Z M )E M a {CP-r) a pE l a (23) 

under a variation (5Z M )EM a of the p-brane action S. This is consistent with 
the existence of a K-symmetry form (S K Z M )EM a = (kP+C -1 )". As discussed 
in the case of flat superspace, fl23|) can be taken as a definition of the p-brane 
action [28], in that integrating this gives the usual p-brane action (with the 



kinetic term coming from the piece in P_ proportional to 1 and the Wess- 
Zumino term coming from the piece in P proportional to T). So except for 
p — 1 (a string), the algebra of diffeomorphisms and /t-symmetry transfor- 
mations closes only on-shell. It is interesting that requiring the algebra of 
the ^-symmetry transformations, worldvolume diffeomorphisms and Lorentz 
transformations to close on itself yields a condition which can be used to 
construct the p-brane action. 



6 Conclusion 



The suggestion [0, [14], I5| that ^-symmetry transformations are related to 



the right action of the supergroup G on a coset superspace G/H has been 
examined for a special class of coset superspaces which are currently of in- 
terest in studies of p-branes propagating in curved spacetimes. It has been 
shown that the condition 

5Z M E M a = 

which is accepted as one of the hallmarks of a K-symmetry transformation 
for p-branes embedded in curved superspaces [P| |T7|] arises very naturally 
if the ^-symmetry transformation is implemented in terms of a right ac- 
tion of the supergroup G on G/H. Further, a physical interpretation of this 
right action in terms of an enlargement of the isotropy subgroup from the 
Lorentz subgroup of G has been suggested. This is consistent with the role of 
both worldvolume diffeomorphisms and K-symmetry transformations in co- 
variant Green-Schwarz p-brane actions, namely in the elimination of unphysi- 
cal Goldstone degrees of freedom. Requiring that the algebra of worldvolume 
diffeomorphisms, ^-symmetry transformations and Lorentz transformations 
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closes on itself at each point of the embedded worldvolume leads to the usual 
"brane scan" for p-branes with worldvolume degrees of freedom which are 
scalars |Tj|. In the case p > 1, closure of the algebra also requires that one 
of the usual equations of motion for a p-brane be true. It was pointed out 
that this condition can in fact be used to reconstruct the p-brane action. 

It is interesting to speculate on the relationship of the approach in this 
paper to the original formulation of the "brane scane" in terms of the exis- 
tence of suitable closed differential forms in the embedding superspace from 
which the Wess-Zumino term in the covariant Green-Schwarz p-brane ac- 
tion can be constructed (18], [7]. The closure of the algebra of worldvolume 



diffeomorphisms, K-symmetry transformations and Lorentz transformations 
corresponds to an integrability condition on certain vector fields, and this 
usually has a dual formulation in terms of differential forms. The results of 
this paper are presumably also closely related to the geometric interpretation 



of AC-symmetry transformations in terms of superembeddings [10, P, 11 
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Appendix 

In this appendix, the conditions under which the generators of diffeomor- 
phisms and K-symmetry transformations form a closed algebra under com- 
mutation are examined. 

Consider first the diffeomorphisms, generated by the right action (|TSJ) . 
The generator of diffeomorphisms depends on the point Z(a) on the em- 
bedded worldvolume through the presence of Ei A (Z(a)) and Qi ab (Z(a)) (the 
latter vanishes in flat superspace). Thus, if a pair of diffeomorphisms are 
successively applied, the generator of the second diffoemorphism depends on 
the point Z' resulting from the first diffeomorphism: 

g (Z) _> g(Z) e ™\{°)(.Ei A {Z)T A +U.S b (Z)J ab ) Q ix{(< r ){E i B {Z'yr B +n j '> d {Z')J cd ) _ 

For infinitesimal diffeomorphisms, the arguments of the exponentials can be 
combined as 

z(v 1 +v 2 Y(E t A T A + Q l ab J ab ) 
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+~[™* (E t A T A + Sl^J^M (Ej B T B + n^j^)} 
+ivi(8 vl E J B T B + 5 Vi n j cd J cd ). 

If the diffeomorphisms are performed in reverse order, the same expression 
with 1 and 2 interchanged results. The commutator of a pair of diffeomor- 
phisms is the difference of these expressions. Using the result flT9"| ) and the 
expression (W) for the torsion and curvature of the coset superspace, one finds 



[5 V1 ,5 V2 ] = 5, 



t'3 



with v\ = v J 2 (djV{) — v{(djV l 2 ). 

In checking the commutator of a diffeomorphism and a /t-symmetry trans- 
formation, the variations of the pulled back vielbein and connection are re- 
quired: 

5 K E.a = -iE i P{RP + C- 1 ) a if^ a -i(KP+C- 1 E M )Q M ^E i Hf <ab a 
5 K E« = d^RP+C- 1 )* + i{RP + C- l fE l a if aP a 

+i(RP + c- l fn i ab if abp a - t(RP + c- 1 E M )n M ab E l ^f abf3 a 

5A ab = d i ({RP+C- 1 E M )n M *)-iE i f i (RP + C- 1 ) a if a f ) ab 

-i{RP+c- 1 E M )n M cd n i e fif cdef ab , (24) 

where (RP + C~ l E M ) = (RP + C~ 1 ) a E a M , and where all transformations are 
evaluated at a point Z(a) on the the embedded worldvolume. The results 
(|24l ) are obtained by computing g(Z')~ l -J^g(Z') with g(Z') given by (pip . 
Also required is the ^-symmetry transformation of the projection operator 
P + , which is 

5 K P + = = ^E^r-aFT. (25) 

Here, T s is shorthand for (1 — K) a b T b , and a sum over a is thus a restriction 
to a sum over the spacetime vector degrees of freedom which are transverse 
to the worldvolume. In computing S K P + , it is necessary to use the fact that 
T b K b a = rEi a anticommutes with T c (l - K) c d , and that e ioh "' iv 
transforms as a scalar. 

As with the commutator of a pair of diffeomorphisms, in computing the 
commutator of a diffeomorphism and a ^-symmetry transformation, the sec- 
ond transformation acts at a transformed point, and one finds 

%M = -[v^E^TA + n^J^^RP^ + iRP+C-'E^ttM^J^] 
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-w^E^Ta - iv*(5 K nr) J ab 
+iR(8 v P + )Q + iR8 v (P + C- 1 E M n M ab )J ab . 

By computing g(Z')dig(Z') with g(Z') given by (pip, the first three terms in 
this expression are easily shown to be 

-idi(KP + )Q - id i ({RP+C- 1 E M )n M ah )J ab . 

Combining this with the fact that 8 v (j> = v % di(f) for worldvolume scalars yields 

[5 V , 5 K ) = 5 K > 

with k' = —v l diK. 

The only difficult step in computing the algebra of right transformations 
involves a pair of K-symmetry transformations. This involves 

[5 K1 ,5 K2 ] = [iKP+Q + i(*iP+C- 1 E M )n M ab J ab ,iK 2 P + Q 
+i{R 2 P + C- 1 E N )n N cd J cd ] + m 2 {8 Rl P + )Q 
+in 2 8 Kl {P + C- 1 E M n M ab )J ab - m^P^Q 
-iK 1 6 Ka (P+C- 1 E M n M ab )J ab . 

Computing the commutator and collecting all the terms proportional to J ab 
in a Lorentz transformation 8l, 

[8 R1 ,8 K2 ] = 2(K 2 P + T a P±K 1 )P a 

+(R 2 P + C- 1 E M )n M ab (K 1 P + C- 1 rif ab jQ l3 
-{R l P + C- 1 E M )n M ab {K 2 P + C- 1 ) a if ab jQ p 

1 % 

+-R 2 (8 Kl T)Q - -Ri(8 K2 T)Q + 8 L , 

where the ± in the first term applies to p even/odd, and we have used 
(CP + ) T = -CP± for P even/odd. In fact, 

- K) b a P± = P^T b (l - K) b a , 

so the first term becomes 

2(R 2 P + VP±K 1 )E l a P a , 
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which is part of the generator of a diffeomorphism with parameter v 1 
— 2i(R 2 P+T l P±Ki) . Completing the generator of the diffeomorphism, 

[S K1 ,5 K2 ] = 6 v -2(R 2 P + rP ± K 1 )E l a Q a 

+^2P + C- 1 E M )n M a \K 1 P + C- l ) a if ab jQ (3 

-fap+c^E^nM^fap+c-^iuJQf, 
+ l -R 2 (s K1 r)Q- l -R 1 (8 K2 r)Q + s L . 



The third and fourth terms on the right-hand side cancel against the Q 



ab 



M 



dependent pieces of the last two terms, which are obtained from p4|) and (po|) . 
To show that the remaining Q dependent terms constitute a K-symmetry 
transformation, it is only necessary to show that the pieces proportional to 
P-Q vanish, CIS db Kj~ symmetry transformation is generated by inP + Q (plus 
a piece which can be absorbed into a Lorentz transformation) and so only 
involves P+Q. Thus it suffices to prove 

o = -2(K 2 p + r i ? ± « 1 )(£ i p_Q) + (K 1 p + r s fi i )(K 2 r a r < rp_g) 
-(K 2 p + r s ^)(«ir 3 rTP_Q). 

The sums over the restricted range a in the last terms (i.e. over spacetime 
vector indices transverse to the worldvolume, see after equation (p5[)) can be 
replaced by unrestricted sums by inclusion of appropriate projection opera- 
tors, and the required identity is 

= -2(^rKf)(^Q-) + (^Y a Ef)(^Y a rYQ-) 

-(^T a E?)(^T a rTQ-), (26) 



where 9^ = P±8 and the upper sign in a given term in ( p6|) refers to the case 
p even, while the lower sign refers to the case p odd. The distinction between 
p even and p odd arises because for p even 



p ± rp T = 0, P±T~ a P± = 0, 



while for p odd, 



P±T l P± = 0, P±T a P T = 0. 
For the case p — 1, (|26|) is easily shown to be true if the spacetime gamma 



matrix identity 



(cr% (/3 (ct 

a ) 7<5) 
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applies (where the round brackets denote the totally symmetric piece). The 
gamma matrix identity is applied to the second term, and use must be made 
of the fact that 

via the p = 1 version of the identities 

.r£±l) 

rr = — —e" 1 - lp T h ---T i 
p\ p 

■ [P±l] 

[r,P]T = -2^—^e l i l ^T l2 ---T tp . (27) 

For the case p > 1, the situation is a little more complicated. The identity 
( |26| ) can be proved in spacetime dimensions for which the gamma matrix 
identity 

= (CT ai ) {af3 (CT a ^- a % 5 ) 

is true, where Y aia2 "' ap is the totally antisymmetric product of p gamma 
matrices. To apply the gamma matrix identity, we write 

p\ 



{KfT a Ef){^T ail ... tv „ 1 T tp Q-). 

If, in addition, the condition 

= {P^rEif = {VEf) a (28) 
is satisfied, then the gamma matrix identity (after use of (|27|) ) yields 

= (^Y- a Ef)(^Y~ a rYQ-) 

- ^^(i4rKf)(EfQ-) 

p 

(^T a ET)((^r a rrQ-) 

- { l±^L(^r4){EfQ-) 

p 

p 

+ -(^r s ^)(^r s rrQ-). 
p 
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This is the required result fl2"Ep . Note that the identity (|2l5D is not true if the 
condition is not enforced (l28|) , as otherwise there remain terms containing 
(Pi?^)" which do not cancel against each other. 
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